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Abstract 

This note is dedicated to some details of multilinear algebra on diffeological vector spaces; most 
of them are the to-be-expected corollaries of standard constructions and various facts of diffeology 
collected elsewhere. Most of the attention is paid to the implications of the notion of the diffeological 
dual (introduced elsewhere) and of its differences with respect to the standard notion. We follow 
whenever possible a rather naive approach, to supplement the existing works on the matter. 
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Introduction 

The aim of this work is rather modest; it is to render explicit what becomes of some basic facts of 
multilinear algebra when these are considered for diffeological vector spaces. The main (and most easily 
accessible) reference for the subject of diffeology in general, and diffeological vector spaces in particular, is 
the excellent and comprehensive source [3] . Our work here builds a lot on the definitions and facts already 
presented in [3, and previously in j6] (see also [2]). The main notions, such as those of the diffeological 
dual and the tensor product, were announced, in a definitive manner, in [7], where the discussion is 
rather concise; part of our intention is to render explicit what is implicit there, and to provide specific 
motivations stemming from various examples. 

Our main focus, and the reason for revisiting the (essentially) elementary subject of multilinear 
algebra, is the somewhat surprising fact that even for finite-dimensional diffeological vector spaces not 
all (multi)linear maps between them are smooth. Thus, it may, or may not, be obvious whether the 
classical isomorphisms of multilinear algebra continue to exist in the diffeological context, in the sense 
whether their restrictions to the smooth subspaces are well-defined and, if so, whether these restrictions 
are diffeomorphisms in their turn. These are the kinds of questions that we consider below, in addition 
to providing a few explicit proofs to the statements announced or implicit in [ 3 . 

Finally, note that diffeological vector spaces appear naturally in the context of various attempts to 
construct tangent bundles to diffeological spaces, see [1] and references therein. 

The structure In the first section we collect the necessary notions regarding diffeological structures 
and diffeological vector spaces. In the other three sections we consider some of the classical isomorphisms 
(and discuss some typical constructions) of multilinear algebra from the diffeological point of view. 
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xxx.lanl.gov for that), but the time I’ve spent wondering the ways of mathematical research will soon 
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into something destined to be imperfect, and to do what, correctly or not, seems right or necessary at 
one particular moment only, independently of what the next step would be. Finally, it is my pleasure to 
thank Prof. Dan Christensen and Prof. Enxin Wu for providing extremely useful comments on the first 
version of this paper, and the anonymous referee for same. 
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1 Diffeological spaces and diffeological vector spaces 

Here we recall as briefly as possible the main notions regarding diffeology (a, 0) and diffeological 
(vector) spaces; more details can be found in [3]; see m, 0,0 for diffeological vector spaces. 

Diffeological spaces A diffeological space (see 0) is a pair (V, T>x) where V is a set and Vx is a 
specified collection of maps U ^ X (called plots) for each open set U in K" and for each n € N, such 
that for all open subsets U C R" and V C R"* the following three conditions are satisfied: 

1. (The covering condition) Every constant map U ^ X is a, plot; 

2. (The smooth compatibility condition) If 17 —?> AT is a plot and E ^ 17 is a smooth map (in the 
usual sense) then the composition V ^ U ^ X is also a plot; 

3. (The sheaf condition) If 17 = Uil7i is an open cover and 17 —>■ is a set map such that each 
restriction 17^ ^ 77 is a plot then the entire map 17 —>■ 77 is a plot as well. 

Usually, one just writes 77 to denote a diffeological space; a standard example of a diffeological space is 
a smooth manifold M", with the diffeology given by all smooth maps of form U —>■ M", for U a domain 
in some R^. If we have two diffeological spaces, 77 and U, and a set map / : 77 —U between them, this 
map is said to be smooth if for every plot p : U X oi X the composition / o p is a plot of Y. 

Comparing diffeologies Given a set 77, the set of all possible diffeologies on 77 is partially ordered 
by inclusion: a diffeology on X is said to be finer than another diffeology V iiV C V (whereas V 
is said to be coarser than V). 

Generated diffeology and quotient diffeology These are two (out of many) ways to construct a 
diffeology; we will use both. If X is a set and we are given a set of maps A = {Ui X}i^j, the diffeology 
generated by A is the smallest, with respect to inclusion, diffeology on X that contains A; its plots all 
locally factor through those of A. 

If now X is a diffeological space, let ^ be an equivalence relation on X, and let tt : X ^ Y :=X/~ 
be the quotient map. The quotient diffeology ([3]) on F is the diffeology in which p : U —>• F is the 
diffeology in which p : U —>■ F is a plot if and only if each point in U has a neighbourhood V C U and a 
plot p :V ^ X such that p\v = tt op. 

Subset diffeology Let X be a diffeological space, and let F C X be its subset. The subset diffeology 
on F is the coarsest diffeology on F making the inclusion map F ^ X smooth. 

Pushforwards and pullbacks of a diffeology For any diffeological space X, any set X', and any 
map / : X —>■ X' there exists a finest diffeology on X' that makes the map / smooth; it is called the 
pushforward of the diffeology of X by the map /. If now we have a map f : X' ^ X then the 
pullback of the diffeology of X by the map / is the coarsest diffeology on X' such that / is smooth. 

The diffeological direct product Let {X^jig/ be a collection of diffeological spaces. The product 
diffeology on the direct product X = Hie/ Xi is the coarsest diffeology such that for each index i & I 
the natural projection Xi Xi is smooth. 

Functional diffeology Let X, F be two diffeological spaces, and let C°°{X,Y) be the set of smooth 
maps from X to F. Let EV be the evaluation map, defined by 

EV : C'°“(X, F) X X F and Ev(/, x) = f{x). 

The functional diffeology on ^“(X, F) is the coarsest diffeology such that the evaluation map is 
smooth. 
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Diffeological vector spaces Let F be a vector space over R. The vector space diffeology on V is 
any diffeology of V such that the addition and the scalar multiplication are smooth, that is, 

[(u, u) u + u] e C°°(V X V, V) and [(A, v) ^ Au] e C'“(R x V, V), 

where V xV and R x F are equipped with the product diffeology; equipped with a vector space diffeology, 
V is called a diffeological vector space. 

Smooth linear maps, subspaces and qnotients Given two diffeological vector spaces V and W, 
the space of smooth linear maps between them is denoted by L°°{V, W) = L{V, W). This 

is an R-linear subspace of L{V, W), frequently a proper subspace. A subspace of a diffeological vector 
space V is any vector subspace of V endowed with the subset diffeology (and is a diffeological vector 
space on its own). Finally, if F is a diffeological vector space and IT ^ F is a subspace of it then the 
quotient VjW is a diffeological vector space with respect to the quotient diffeology. 

Direct sum of diffeological vector spaces Let Fi,..., F„ be a collection of diffeological vector 
spaces. The usual direct sum Fi © ... © 14 of these spaces, equipped with the product diffeology, is a 
diffeological vector space. 

Fine diffeology on vector spaces The fine diffeology on a vector space R is the finest vector space 
diffeology on it; endowed with such, F is called a fine vector space. Note that any linear map between 
two fine vector spaces is smooth. In the finite-dimensional case, the fine spaces are precisely the spaces 
R" with their standard diffeology (one consisting of all usually smooth maps into them). 

Diffeological dual For a diffeological vector space F, its diffeological dual F * (0, 0) is defined as 
the set of all smooth linear maps F —>■ R into the standard R, endowed with the functional diffeology. 

The tensor product Given a hnite collection Fi,...,F„ of diffeological vector spaces, their usual 
tensor product Fi ©... © F„ is endowed with the tensor product diffeology (see 0, 0) defined as the 
quotient diffeology corresponding to the usual representation of Fi ©.. .©14 as the quotient of Fi x ... x 14 
(endowed with the product diffeology) by the kernel of the universal map onto Fi © ... © 14- In other 
words, the tensor product diffeology is the pushforward of the product diffeology on Fi x ... x F„ by 
the universal map. The diffeological tensor product possesses the usual universal property by Theorem 
2.3.5 of [B], namely, if IF is another diffeological vector space then the space of all smooth linear maps 
Fi © ... © F„ —>■ IF, considered with the functional diffeology, is diffeomorphic to the space of all smooth 
multilinear maps Fi x ... x F„ —>■ IF (also considered with the functional diffeology). 


2 Smooth linear and bilinear maps 

In this section we consider some of the classic isomorphisms of multilinear algebra, showing that they do 
extend into the context of diffeology, while providing examples that show that the a priori difference is 
signihcant. 

2.1 Linear maps and smooth linear maps 

The sometimes signihcant difference just mentioned is illustrated by the following example; note that the 
existence of such examples has already been mentioned in 0, see Example 3.11. 

Example 2.1. This is an example of V such that L°°(F,R) < L(F,R). Let V = R" equipped with the 
coarse diffeology; we claim that the only smooth linear map F —> R is the zero map. Indeed, let f : V ^ M. 
be a linear map; it is smooth if and only if, for any plot p of V, the composition fop is a plot of R, 
i.e., fop is a usual smooth map U for some domain U C R^. However, by definition of the coarse 
diffeology, p is allowed to be any set map U ^ V, so it may not even be continuous. 
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To provide a specific instance, choose some basis {vi,... ,Vn} of V = M", and a basis {?;} 0 / R0 
With respect to these, f is given by n real numbers, more precisely, by the matrix (oi ... «„). Consider 
the following n plots pi of V with i = 1,... ,n, defined by setting pi : R —>■ and Pi{x) = \x\vi; then 
(/ °Pi){x) = ai\x\v. The only way for this latter map to be smooth is to have ai = 0, and this must hold 
for i = 1,... ,n, whence our claim. 

The example just given shows that the a priori issue of there being diffeological vector spaces V, 
W such that L°°{V,W) < L{V,W) does indeed occur, and rather easily. True, this requires some 
rather surprising vector spaces/diffeologies for this happen; but diffeology was designed for dealing with 
surprising, or at least unusual from the Differential Geometry point of view, objects!! and furthermore, 
the very essence of what diffeology aims to add to the ‘standard’ differential setting is the flexibility of 
what can be called smooth. In particular, the fact that any given map D U ^ X can be a plot for 
some diffeology on a given set X (for instance, for the diffeology generated by this map) easily gives rise 
to some surprising spaces. 

Example 2.2. Once again, consider V = M" and some basis {vi,...,Vn} of V; endow it with the 
vector space diffeology generated by all smooth maps plus the map Pi already mentioned, that is, the map 
Pi : R —)► E acting by pi{x) = \x\vi. Let v be a generator o/R (i.e., any non-zero vector). Using the same 
reasoning as in Example \2.1\. one can show that if f : V —>■ R zs linear and, with respect to the bases 
chosen has matrix (oi ... On), then for it to be smooth we must have Oi = 0; hence the (usual vector 
space) dimension L°°(y,R) (i.e., that of the diffeological dual ofV) is at most n — l|! 

This reasoning can be further extended by choosing some natural number \ < k < n and a set of k 
indices 1 ^ n < Z 2 < ... < Zfc ^ n, and endowing V with the vector space diffeology generated by all 
smooth maps plus the set {pi^,... jP^}- Arguing as above, we can easily conclude that dim(L°°(E, R)) is 
at most n — k. 

The examples just cited show, in particular, that the diffeological dual (defined in and [7]) of a 
diffeological vector space can be much different from the usual vector space dual. Given the importance of 
the isomorphism-by-duality in multilinear algebra’s arguments, the implications of this difference deserve 
to be considered. 

2.2 Bilinear maps and smooth bilinear maps 

In this section we consider the same issues as above in the case of bilinear maps: given two diffeological 
vector spaces, what is the difference between the set of all bilinear maps on one of them with values in 
the other, and the set of all such bilinear maps that in addition are smooth? 

Smooth bilinear maps Let V, W be two diffeological spaces. As usual, a VL-valued bilinear map is 
a map V x V —>■ W linear in each argument; it is considered to be, or not, smooth with respect to the 
product diffeology on V x V and the diffeology on W. We first illustrate that what happens for linear 
maps does (expectedly) happen for bilinear maps, i.e., the set of smooth bilinear maps can be strictly 
smaller than that of bilinear maps. 

Our notation is as follows. Given V, W two diffeological vector spaces, let B{V, W) be the set of 
bilinear maps on V with values in W, and let B’^{V,W) be the set of those bilinear maps that are 
smooth with respect to the product diffeology onVxV and the given diffeology on W. 

Example 2.3. The examples seen in the previous section provide readily the instances ofV and W such 
that B°°{V,W) is a proper subspace of B{V,W). Indeed, let us take V = R” equipped with the coarse 
diffeology, and let W = R considered with the standard diffeology. It is easy to extend the reasoning of 
Examvle \2.1\ to show that for these two spaces B°°(V, W) = 0. 

Once again, take a basis {ui,..., u„} ofV and a basis {ui} ofW; let f G B°°(V, W). Then with respect 
to the bases chosen f is defined by the matrix {aij)nxn where f{vi,Vj) = aijw. For each i = l,...,n 

^Obviously, the respective canonical bases would do the job just fine. 

^This is a story beautifully told in the Preface and Afterword to the excellent book [2. 

®One can actually show that / is smooth if and only if Oi = 0, and so dim{L°° (P, R)) is precisely n — 1; we do not 
elaborate on this, since we mostly interested in showing that it can be strictly smaller (by any admissible value, as we see 
below). 
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consider the already-seen map pi : M ^ F given by Pi{x) = \x\vi; this map is a plot of V by definition 
of the coarse diffeology (that includes all set maps from domains of various to V). Now call pij the 
product map pij : M. ^ V x V, i.e. the map given by Pij{x) = (pi(x),pj(x)); it is obviously a plot for the 
product diffeology onVxV. Putting everything together, we get that (/ o pij){x) = aij\x\w; since this 
must be a plot o/R, i.e. smooth in the usual sense, we get that aij = 0. The indices i,j being arbitrary, 
we conclude that the only way for f to be smooth is for it be the zero map, whence the conclusion. 

The example just given stresses the importance of making a distinction between bilinear maps and 
smooth bilinear maps, showing that the two spaces can be (a priori) quite different, and motivates the 
next paragraph. 

The function spaces B°°{V,W) and L°°{V,L°°{V,W)) As is well-known, in the usual setting each 
bilinear map can be viewed as a linear map V L{V, W). In the diffeological context, since a priori we 
might have L°°{V, W) < LfV, W), we need to consider the question of whether any smooth bilinear map 
can be seen as a smooth map V —>■ L°°{V, W), where the latter is endowed with the functional diffeology. 
By the properties of the diffeologies involved, the answer is in the affirmative, as we now show. 

Lemma 2.4. Let V, W be two diffeological vector spaces, let f : V x V ^ W be a bilinear map smooth 
with respect to the product diffeology onV xV and the given diffeology on W, and let G :V ^ L°°{V, W) 
be a linear map that is smooth with respect to the given diffeology on V and the functional diffeology on 
L^{V,W). Then: 

• for every v gV the linear map F{v) : V ^ W given by F{v){v') = f(v,v') is smooth; 

• the bilinear map g -.V xV given by g(v,v') = G{v)(v') is smooth. 

Proof. Let us prove the first statement. Fix a v gV; to show that F{v) is smooth, we need to show that 
for every plot p : U ^ V the composition F{v) op is a plot of W. Fixing an arbitrary plot p : U ^ V 
of V, we define p : U V x V hy setting p{x) = {v,p{x)) for all cc G V; this is indeed a plot for the 
product diffeology, since the projections on both factors are smooth; tti op is a constant map in V, while 
7 r2 op = p, which is a plot by assumption. We thus obtain F{v) op = f op-, the latter map is a plot of W 
since / is smooth; and since p is arbitrary, so is F(v). 

To prove the second statement, it suffices to observe that g writes as the composition g = EVo(GxIdy); 
the map Idy being obviously smooth, G being smooth by assumption, their product being smooth by 
definition of the product diffeology, and, finally, the evaluation map EV being smooth by the definition 
of the functional diffeology, we get the conclusion. □ 

What the above lemma gives us are the following two maps: 

• the map F : IF) —>• L{V,L^{V,W)) that assigns to each / G B°°{V,W) the map F of the 

lemma {i.e., the specified map that to each v gV assigns the smooth linear map F{v) : V -G W). 
Observe that F now writes as F = F{f ) and that the following relation holds: / = EV o (F x Idy); 

• the map G : L°°{V,L°^{V,W)) B°°{V,W) that assigns to each G G L°°{V,L°^{V,W)) the map 

p = EV o (G X Idy). This latter map now writes as g = G(G). 

Before going further, we cite the following statement, which we will use immediately afterwards: 

Proposition 2.5. ([3], 1.57) Let X, Y be two diffeologieal spaces, and let U be a domain of some K". 
A map p : U ^ G°^{X, Y) is a plot for the functional diffeology of C°°(X, Y) if and only if the induced 
map U X X ^ Y acting by {u,x) p{u){x) is smooth. 

We are now ready to prove the following lemma: 

Lemma 2.6. The following statements hold: 

1. The map F takes values in L°°{V, L^{V,W)); furthermore, it is smooth with respect to the fune- 
tional diffeologies of B°°{V,W) and L°^{V, L°^{V,W)). 

2. The map G is smooth with respect to the functional diffeologies of L°^{V, L°°{V, IF)) and B^{V, IF). 
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3. The maps F and G are inverses of each other. 

Proof. Let us prove 1. We first prove that F : V ^ L°°{V,W) is smooth. Let p : U —F be an 
arbitrary plot of ^; by Proposition 12.51 in order to to show that F o p is a plot for the functional 
diffeology on L°°{V, W), we need to consider the induced map U x V ^ W that acts by the assignment 
{u,v') 1 -^ {F o p)(u){v') = F{p{u)){v') = f{p{u),v') = / o (p X Idy)(M,r’') and show that it is smooth. 
Since p x Idy is obviously a plot for the product diffeology onV xV and / is smooth, f o{px Idy) is a 
plot of W, so it is naturally smooth. 

Let us now show that F : B°°(V,W) L°°(V,W)) is smooth; taking p : U ^ B°^(y,W) a 

plot of B°°{V, W), we need to show that P" op is a plot of L°°{V, L°°{V, W)). To do this, we apply again 
Proposition 12.51 it suffices to consider the map U xV ^ L°°{V,W) acting by {u,v) !->■ {F o p){u){v) = 
F{p{u)){v) = evo((_F op) X Idy)(M, v). Having already established that F is smooth, we can now conclude 
that F is smooth as well. 

Let us now prove the second point, i.e., that G : L^{V, L°°(y,W)) —^ B°°(y,W) is smooth, be., 
taking an arbitrary plot p : U ^ L°°{V, L°°(y, W)), we need to show that G o p is a plot of B°°{V, W). 
Applying again Proposition 12.51 we consider the map U x {V x V) ^ W defined by {u,{v,v')) M- 
{G op)(u){v, v') = (ev o (p(m) X Idy))(r;, v') = (ev o (p x Idyxy))(M, (w, v')), which allows us to conclude 
that the map is smooth, and therefore Gop is a plot of B°°{V,W)] whence the conclusion. 

To conclude, we observe that the third point follows immediately from the dehnitions of the two 
maps. □ 

We now get the desired conclusion, which does mimick what happens in the usual linear algebra case: 

Theorem 2.7. Let V and W be two diffeological vector spaces, let B°°(V, W) be the space of all smooth 
bilinear maps V x V ^ W considered with the functional diffeology, and let L°°{y,L°°{V,W)) be the 
space of all smooth linear maps V L°°{V, W) endowed, it as well, with the functional diffeology. Then 
the spaces B^{V,W) and L°°(V, L°°(V,W)) are diffeomorphic as diffeological vector spaces. 

Proof. The desired diffeomorphism as diffeological spaces is given by the maps F and G of Lemma 12.61 
It remains to note that these two maps are also linear (actually, as vector spaces maps they coincide with 
the usual constructions), and that all the functional diffeologies involved are vector space diffeologies. □ 

3 The diffeological dual 

In this section we consider the diffeological dual (as a matter of curiosity, we also comment on an 
alternative notion, only to show why the existing one is better); this discussion stems from the previous 
section, which illustrates how the function spaces of linear maps change upon introducing the requirement 
of diffeological smoothness. 

3.1 The dual as the set of smooth linear maps 

We now comment on the already-standard notion of the diffeological dual V* = L°°(P, K) ([^, [3). Note 
that, as has already been observed in [7], even in the finite-dimensional case the diffeological dual might 
be much smaller than the usual one, which corresponds precisely to the case L°“(P,R) < L(y,R) (also 
illustrated by our Example 12.II) . A simple but natural question to ask at this point is, suppose that V is 
a finite-dimensional diffeological vector space such that = L(t/,R) as vector spaces; does this 

imply that V is also diffeomorphic to V* = L°°(1/,R)? The following proposition provides a positive 
answer to this question^ 

Proposition 3.1. Let V be a finite-dimensional diffeological vector space such that L°“(y,M) = L(y,R), 
i.e., such that every real-valued linear map from V is smooth. Then V is diffeomorphic to L°°(y,R) = 
L(y,R), i.e., to its diffeological dual. 

would like to thank the anonymous referee for pointing out a much simpler proof of this statement. 
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Proof. Let {vi,... ,Vn} be a basis of V, and let v* be the corresponding dual basis in the usual sense 
{i.e., if n = aiVi + ... + anVn then v*{v) = a^). Observe that each v* is smooth by assumption. 

Consider the linear map v i—^ X]r=i this is a map from V that takes values in V* by the 

already-made observation. Since V is finite-dimensional, this map is obviously bijective, with the inverse 
given by v* i—>■ v*{vi)vi. It remains to observe that this inverse is also smooth, and so the map indicated 
is indeed a diffeomorphism of diffeological vector spaces V and V*. □ 

In the following section we briefly consider another possibility for defining the diffeological dual. 

3.2 The dual as the set of linear maps with pushforward diffeology 

In this subsection, we comment on what happens if (in the finite-dimensional case only) we consider a 
possible alternative to the notion of the diffeological dual. This alternative is to consider the usual space 
of all linear maps 1/ ^ R endowed with the pushforward diffeology relative to the standard isomorphism 
of V with its usual dual: 

• let y be a finite-dimensional diffeological vector space, and let V* be the usual vector space dual 
of V endowed with the following diffeology: choose an isomorphism f : V ^ V* and denote by 

the pushforwar41 of the diffeology of V by the map /. 

Such definition presents the obvious question of being well-posed, i.e., whether the diffeology obtained 
depends on the choice of the isomorphism. 

Lemma 3.2. Let V be a finite-dimensional diffeological vector space, let f : V ^ V* and g : V ^ V* be 
two vector space isomorphisms of V with its dual, and let T>^ and Pg he the corresponding pushforward 
diffeologies. Then P ^ = Pg. 

Proof. It is sufficient to show that the composition map g o f~^ : {V*,P{V*,Pg) is smooth with 
respect to the pushforward diffeology. Let p : U ^ {V*,Pj) be a plot of {V*,P^); we need to show that 
{g o f~^) op is also a plot, of {V*,Pfij. By definition of the pushforward diffeology, p being a plot of 
{V*,Pj) implies that (up to passing to a smaller negihbourhood) there exists a plot p' : U ^ V oi V 
such that p = p' o f . Since / is invertible, we can write now {g o f~^) o p = g o (/“^ op) = g o p'; and 
the latter map is by definition a plot of the pushforward diffeology on V* by g (that is, it is a plot of 
(y*,X>g)), whence the conclusion. □ 

Since not all vector spaces are isomorphic to their duals, the limitations of this approach are obvious. 
A still more important reason is that the functional diffeology is far more natural for the dual, as 
demonstrated by the heavy use of its properties in various proofs (including ones in the present paper). 
Finally, the example in the next section shows that a very natural property of dual spaces does not hold 
for y*. 

3.3 The dual map 

In this section we speak of the dual maps of linear maps; recall that, given two vector spaces V, W, and a 
linear map f :V between them, then the dual map is f* : W* — >■ V* acting by f*{g){v) = g{f{v)). 

If now y and W are diffeological vector spaces, and / € L°°{V, W), there is the obvious question whether 
the corresponding /* is a smooth map. We provide an explicit proof that the answer is positive for V* 
(this is implicit in [7], see p.7), but a priori it is negative for V*. 

Proposition 3.3. Let V, W be two diffeological vector spaces, and let f : V ^ W be a smooth linear 
map. Let f* : W* V* be the dual map between the diffeological duals, f*{g)iv) = g{f(v)). Then f* is 
smooth. 

®Even if in the case of an isomorphism it does not make a difference, we mention that instead of a pushforward of the 
diffeology of V we could speak of its pullback by the inverse isomorphism. 
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Proof. Let p be a plot of W* ; we need to show that /* o p is a plot of V*. The diffeology of W* being 
functional, by Proposition [531 P being a plot is equivalent to the smoothness of the map ip : U x W —>■ R 
acting by ip(u, w) = p(u){w)\ now, for ip to be smooth, we must have for any plot (pi^pw) '■ U' ^ U xW 
(where pi and pw are plots of U' and W respectively) that ip o {pi,pw) is a plot of the standard R. For 
future use, let us write explicitly that {ip o {pi,pw))iu') = p{pi{u')){pw{u')). 

Now, to prove that /* o p is a plot of V*, we need to show that the map (p : [/ x P —>■ R given 
by p{u,v) = p{u){f{v)) is smooth, that is, that for any plot {pi,pv) ■ U' ^ U x V (where pi and 
Pv are plots of U' and V respectively) the composition p o {pi,pv) is a plot of R. Writing explicitly 
{p o {pi,pv)){u') = p{pi{u)){f{pv{u'))) and observing that / being smooth and pv being a plot of V, 
we get that f opy is a plot of VF, so setting pw = / opv, we deduce immediately the desired conclusion 
from the analogous expression for ip (smooth by assumption) and pw ■ D 

We now briefly describe an example that shows that the dual map /* : W* —>■ V* may not be smooth. 

Example 3.4. Let V be R" with the fine diffeology, and let W be R" with the coarse diffeology. Observe 
that this implies thatV* andW*, being pullbacks, also have, respectively, the fine and the coarse diffeology. 
Let f : V ^ W be any linear map (it is automatically smooth); then f* is a map from R" with the coarse 
diffeology to the one with the fine diffeology. It suffices to choose, as a plot p of W*, any non-smooth 
map to R", to get that f* op is not a plot ofV*, thus disproving the smoothness of f*. 


4 The tensor product 

In this section we discuss the definition (as given in [7]), and the relative properties, of the tensor product; 
we speak mostly of the case of two factors, given that the extension to the case of more than two spaces 
is verbatim. 

The tensor product of maps Let us consider two (smooth) linear maps between diffeological vector 
spaces, f :V ^ V and g : W ^ W. As usual, we have the tensor product map f®g : V®W —>■ V ®W', 
defined by (/ ® Vi ® Wi) = ^ f{vi) 0 g{wi). We observe that / 0 g is a smooth map (with respect 
to the tensor product diffeologies on E 0 IF and V 0 IF') due to the properties of the product and the 
quotient diffeologies. 

The tensor product and the direct sum Let Vi, V 2 , F 3 be vector spaces; recall that in the usual 
linear algebra the tensor product is distributive with respect to the direct sum, i.e.: 

Fi 0 (V 2 © F 3 ) = (Vi 0 F 3 ) © {V 2 0 F 3 ), 

via a canonical isomorphism, which we denote by Now, if Vi, V 2 , V 3 are diffeological vector spaces, 

then so are Fi 0 (F 2 © V 3 ) and [Vi 0 V 3 ) © (F 2 0 F 3 ). It turns out, as already mentioned in [7], Remark 
3.9 (2), that the standard isomorphism between these spaces is also a diffeomorphism. Below we provide 
an explicit proof of that statement. 

Lemma 4.1. ([7]) Let Vi, V 2 , V 3 be diffeological vector spaces, and let : Vi 0 (V 2 © V 3 ) —>■ (Vi 0 
V 3 ) © (F 2 0 V 3 ) be the standard isomorphism. Then is smooth. 

Proof. By the properties of the quotient diffeology, it is sufficient to show that the covering map Tx,© : 
Fi X (F2 ® V3) ^ (Fi X V3) © (F2 X V3) is smooth. Let p : 17 —>■ Fi x (V2 ® V3) be a plot; we must show that 
f’x,©op is a plot for (Fi xF3)®(F2 x Fj). Let tti : Fix(F2©F3) Fi and 7r2,3 : Fi x(F2®F3) (F2©F3) be 

the natural projections; observe that by definition of the product diffeology, 712,3 writes (at least locally) 
as 772,3 = (P 2 ,P 3 ), where p 2 is a plot of F 2 and ps is a plot of Vs- 

Write now Tx,© op as Tx,© op = (p',p"); observe that p' = (tti op,p 2 ), while p" = (tti op,p^). These 
are plots for the sum diffeology on (Fi x I 3 ) © (V 2 x F 3 ), hence the conclusion. □ 


The tensor product V ®W as a function space Recall that in the usual linear algebra context 
the tensor product of two finite-dimensional vector spaces R 0 IT is isomorphic to the spaces L(T*, IT), 
the space of linear maps V* —)■ W, and L{W*, V), the space of linear maps IT* —>• V, via isomorphisms 
given by: 

• for f € V*, V G V, and ic G IT we set {v 0 'w){f) = f{v)w, extending by linearity; 

• for g G W*, V G V, and w G W we set (v 0 w){g) = giw)v, extending by linearity. 

The question that we consider now is whether these isomorphisms continue to exist if all spaces we 
consider are finite-dimensional diffeological vector spaces, all linear maps are smooth, and all function 
spaces are endowed with their functional diffeologies. The observations made regarding the frequently 
substantial difference between a diffeological vector space V and its diffeological dual V* suggest that we 
consider again one of our examples. 

Example 4.2. Let V = R" for n ^ 2 with the coarse diffeology, and let W = M with the standard 
diffeology. Then, as shown in Examvle \2.1l the diffeological dual ofV is trivial: V* = { 0 }; this obviously 
implies that L°°(y* ,W) = { 0 }. Recall also that, the diffeology ofW being fine, its dual is isomorphic to 
W, so we have W = W* = R; furthermore, as it occurs for all fine diffeological vector spaces (see m), 
we have L°“(fT*, T) = L{W* ,V) ^ V. 

Since the total space of the diffeological tensor product V 0W is the same as that of the usual tensor 

product, it is isomorphic to V. Therefore there is not an isomorphism between V 0W and L^(V* ,W), 

the two spaces being different as sets. On the other hand, L°°{W* ,V) and V ®W are isomorphic as 
usual vector spaces; it is easy to see that they are also diffeomorphic (this follows from the fact that V 
has the coarse diffeolog^) . 

The example just made shows that in general, at least one of these classical isomorphisms might fail 
to exist (and at a very basic level). We may wish however to see what could be kept of the standard 
isomorphisms, in the sense that the two maps V 0W ^ L(y*,W) and T ® IT —>■ L{W*,V) are still 
defined; we wonder if their ranges consist of smooth maps and, if so, whether they are smooth. 

Proposition 4.3. Let V, W be two finite-dimensional diffeological vector spaces. Then: 

1. If F -. V ®W ^ L{V*, W) is the map defined, via linearity, by v®w H> [F{v®w){f) = f(u)w] then 
F takes values in L°°((V* ,W). Furthermore, as a map V ®W ^ L“(T*,1T) between diffeological 
spaces, it is smooth; 

2. If G : V ®W ^ L{W*,V) is the map defined, via linearity, byv®w^ [G{v ®w){g) = g{w)v] then 
G takes values in L°°(IT*,T). Furthermore, as a map V ®W ^ L°°(W*,V) between diffeological 
spaces, it is smooth. 

Proof. Let us prove 1. We need to show that E is a smooth map that takes values in L°°(V*,W). To 
prove the latter, it is enough to show that F{v ® w) is smooth, for any v G V and w G W. Let us fix 
V gV and w G IT; we need to show that for any plot p : U ^ V* the composition F{v ® w) o p is a. plot 
of W. Writing explicitly {F{v ® w) o p){u) = F{v ® w){p{u)) = p{u){v)w, we recall that any constant 
map on a domain is a plot for any diffeology, so the map Cw : U ^ W that sends everything in w is a 
plot of W. Finally, the map {u, v) p{u){v) is a smooth map to R, by Proposition [52] and because p is 
a plot of V* = L°°(T, R) whose diffeology is functional; recalling that multiplication by scalar is smooth 
for any diffeological vector space, we get the conclusion. 

Let us now prove that F is a smooth map V ®W ^ L°°{V*, IT); by Proposition |25| we need to prove 
that the induced map V* x U ^ W is smooth^ This map acts by sending each (/,u) (where f G V*) 
to {F o p){u){f) and so it writes as (/, m) m- (ev^. ® Idw)(Idy. x p){f,u)-, the diffeology of V* being 
functional, the evaluation map is smooth, therefore so is F o p, whence the conclusion. 

The proof of 2 is completely analogous, so we omit it. □ 

^Consider the obvious map F : V L(R, i/) = L°°(R, y) given by F(v)(x) = xv; it is obviously bijective, and it is 
smooth by Proposition 12. 5( Indeed, for any plot p : U ^ V we need that op be a plot, which is equivalent to the map 
C/ X R —> 1/ given by [u, x) (F o p){u)(x) = xp{u) being smooth. But simply due to the fact that it is a map in V, that 
has the coarse diffeology, it is a plot of it, so the conclusion. 

^Note the change in the order of factors, for formal purposes. 
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Observation 4.4. Example \4-2\ also illustrates that, in general, there is not an analogue of the classical 
isomorphism V*(E)V = L°°{V, V): it suffices to consider the same V, that is, K." with the coarse diffeology. 
Then the product on the left is the trivial space, V* being the trivial space, whereas the space on the right 
consists of all linear maps V —>■ V (since the coarse diffeology includes any map into V, all of these maps 
are automatically smooth). 

Tensor product of duals and the dual of a tensor product Recall, once again, that for usual 
vector spaces there is a standard isomorphism V* (S> W* = (V (S> IT)*; we are now interested in the 
question whether the existence of this isomorphism extends to the diffeological context, i.e., whether the 
corresponding map is smooth. This standard isomorphism V*^W* —>■ (V®W)*, which in this paragraph 
we denote by F, is defined by: 

* 3 

The first thing that we need to check is whether it does take values in {V ® IT)*, that is, if, fixed some 
f ® g & V* ® 1T*@ it actually defines a smooth (and not just linear) map T 0 IT R. 

Lemma 4.5. Let V , W he diffeological vector spaces, and let f € V* , g € IT*. Then the map F{f ^ g) : 
R 0 IT —>■ R is smooth. 

Proof. By Proposition [5^ we need to check that for any plot p : U ^ V®W the composition F{f ®g)op 
is a smooth map {7 —)■ R. Recall that locally (so we assume that U is small enough) p writes as a 
composition p = o p, where tt^ is the natural projection V x W ^ V and p:C/—^-TxlTisa 

plot for the product diffeology; furthermore, p writes as p = {pv,Pw)j where pv is a plot of V and pw is 
a plot of IT. Therefore we have {F{f 0 g) op){u) = f{pv{u))g{pw{u)), that is, F{f 0 g) op is the usual 
product in R of two maps, f opv and g opw- Now, / being smooth by its choice and pv being a plot of 
V, their composition / opy is a smooth map in R. The same holds also for g op^y; the product of two 
smooth maps being smooth, we get the desired conclusion. □ 

By the lemma just proven, F is an injective linear map from the tensor product of the diffeological 
duals V*, W* into the diffeological dual of the tensor product V 0 W. We should check next whether it 
is smooth. 

Proposition 4.6. Let V, W be diffeological vector spaces, and let F : P* 0 W* —>• (P 0 IT)* be the 
already defined map between the diffeological duals. Then F is smooth. 

Proof. For the map F to be smooth, it is required that, for any plot p : U ^ V* 0 IT* the composition 
F o p be a plot of (P 0 IT)*, which is equivalent to the smoothness of the map $:[/x(P0 lT)—>-R 
such that $(m, 0 tCj) = F{p(u)){J2'i’j 0 wj). The map $ being smooth is in turn equivalent to 

the following: for any map {pu^Pv®w) '■ Lf ^ U x {V ® W) such that pu ■ U' ^ U is smooth and 
PV 0 W : t/' ^ P 0 IT is a plot of P 0 IT the composition 4) o {pu,PV 0 w) is a smooth map U' R. We 
write explicitly: 

($ o {pu,Pv^w)){u') = F{{popu){u')){pv^wiu')). 

By definition of the quotient diffeology, for p : [/ ^- P* 0 W* is a plot of its target space, we must 
have that for U small enough p lifts to a smooth map p : U ^ V* x IT*, that is, p = ° P, 

where Trv»(g,w is the natural projection; moreover, p writes as p = {pv* ^Pw*), where py is a plot of 
P* and Pw* is a plot of IT*. Recall that py being a plot of P* means that the map (pv : 17 x P ^ R 
given by (pviu,v) = py (u)(n) is smooth; accordingly, pw* being a plot of IT* means that the map 
ipw ■ U xW ^ R given by (pw{u, w) = pw* (u)(w) is smooth. Furthermore, for pv^w be a plot, we should 
have for Lf small enough, pv<^w lifts to pvxw, a plot of Px IT, that is, pv®w writes as pv<S)W = 
for the appropriate natural projection furthermore, pvxw writes as pvxw = iPv,Pw)j where pv is 
a plot of P and pw is a plot of W. 

^Extending by linearity is smooth by definition of a diffeological vector space. 
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Assume now that the domain U is small enough so that all of the above be valid; then we can write, 
by dehnition of F, that 

O {pu,pv®w))(u') = pv-(u'){pv{u')) ■ pw{u'){pw{u')) = EV{pv*,Pv){u') ■ EV{pw*,Pw)(,u'), 

where ipv^,Pv) ■ U' ^ V* x V and {pw^,Pw) ■ U' W* x W are the obvious maps. By definition of 
the product diffeology they are plots for, respectively, V* x V and W* x W; furthermore, by definition 
of the functional diffeology EV is smooth. It follows that $ o {pu,PV 0 w) ■ U' ^ R writes as the product 
of two smooth maps U' R; the diffeology of R being the standard one, these maps are smooth in the 
usual sense, hence so is their product. This implies that $ is a smooth map, therefore F is smooth, and 
the Proposition is proven. □ 

We are now ready to prove the following statement: 

Theorem 4.7. Let V, W be two finite-dimensional diffeological vector spaces. Then F : V* (8) W* 

(V (E)W)* is a diffeomorphism. 

Proof. It remains to check that F is surjective with smooth inverse, i.e., that for any smooth linear map 
f : V —>• R its pre-image F~^{f) actually belongs to the tensor product of the diffeological duals. 

By definition of F, it is sufficient to observe that / being smooth means that for any plot p : U V 0W 
the composition fop: U —^-Risa usual smooth map; furthermore, for U small enough p writes as 
p = TT o {pv,Pw): where tt : V xW ^ V ®W is the natural projection, py :[/—>■ F is a plot of V, and 
Pw : U ^ W is a, plot of W, hence fop actually writes as (/ o p){u) = f{pv{u) ®Pw{u)). Note that 
writes as F~^{f) = fi ^ 9i with fi belonging to the usual dual of V, and gi belonging to the 
usual dual of IT; we obtain that {F~^{f) o (py,pvv))(M) = ° Pv){u){gi opy^)(u), and we can draw 

the desired conclusion by choosing the appropriate plots pv and pw ■ CH 
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